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Abstract. Symmetries of Poisson manifolds are in general quantized just to 
symmetries up to homotopy of the quantized algebra of functions. It is there- 
fore interesting to study symmetries up to homotopy of Poisson manifolds. 
We notice that they are equivalent to Poisson principal bundles and describe 
their quantization to symmetries up to homotopy of the quantized algebras of 
functions, using the formality theorem of Kontsevich. 
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An action of a Lie algebra g on a Poisson manifold M is Poisson, if it preserves 
the Poisson structure on M. In general it is not possible to quantize M so that 
would act by derivations on the quantized algebra of functions. On the other 
hand, as a simple application of the formality theorem of Kontsevich j^j, a Poisson 
action up to homotopy (a generalization of Poisson actions, defined below) is easily 
quantized to an action up to homotopy on the quantized algebra of functions. It 
is therefore interesting to study the geometry of Poisson actions up to homotopy, 
together with its generalizations where g is replaced by a Lie bialgebra. Namely, it 
turns out that an up to homotopy Poisson action is the same as a Poisson principal 
bundle. This geometry sheds a new light even on some pretty standard things, 
e.g. relations between Poisson and Hamiltonian actions. 

1. Up to homotopy Poisson actions 

An up to homotopy Poisson action of a Lie algebra g {q-HPA for short) on a 
Poisson manifold M is an extension qm of q by the Lie algebra C°°{M) (with the 
Poisson bracket used as the Lie bracket), such that for every X £ qm, the map 
C°°(Af) ^ C°°(M), / ^ [X,/], is a derivation (i.e. a vector field on M). A 
morphism from a g-HPA on a Poisson manifold Mi to a g-HPA on M2 is a Poisson 
map / : Mi M2 and a morphism of the extensions of g going the opposite 
direction, equal to /* : C°°(M2) ^ C°°(Mi) on the kernels. 

A g-HPA on a point is a central extension of g by R. Given a true Poisson 
action of g on a Poisson manifold M, the corresponding extension is the semidirect 
product. Any splitting of a g-HPA to a semidirect product turns it into a true 
Poisson action {qm has a Poisson action on M by definition, a splitting g qm 
gives us then a Poisson action of g). In other words, an ordinary Poisson action 
on M is the same as a g-HPA qm on M and a morphism from qm to the trivial 
g-HPA on a point. 
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Let us give an equivalent definition using the Maurer-Cartan equation. If M is a 
manifold, let Lm denote the differential graded Lie algebra (DGLA) of mutivector 
fields T{/\TM)[1] (with Schouten bracket and zero differential). A g-HPA on M is 
a degree-1 element a of the DGLA A 0* ® ^m, satisfying the Maurer-Cartan (MC) 
equation 

(1.1) da + [a, a] /2^0. 

As we'll see easily, this is indeed equivalent to the previous definition, when we 
choose a splitting of the extension qm = © C°°(M) (direct sum of vector spaces 
- not direct (or semidirect) sum of Lie algebras!). 
Let us decompose a into bihomogeneous parts 

(1.2) a = (7° + a^+(T^ 

(the superscript is the degree in /\ g*). Then (t° is a Poisson structure on M, and we 
get a Lie bracket on qm — Q(SC°°{M) via [u, v] — [u, v]g+a'^{u, v), [u, f] = C„i{^u)f ■, 
[f,g] = {f,g} (for any z; S fl and /, g G C^{M)). 

Yet another equivalent formulation - we have an Loo-morphism from q to the 
DGLA Ljyf^ao (where L^^a" is the same as Lm, but with differential equal to ado-o)- 

Just for the fun of it, let us plug the decomposition lll.2|l into the Maurer-Cartan 
equation ljl.l|l and write all the results explicitly: 

(1) [fj", cr°] = 0, i.e. fj" is a Poisson structure on M 

(2) [a°,cri] = 0, i.e. tj^ G g* r{TM) maps elements of q to vector fields 
preserving the Poisson structure (7° 

(3) da^ + [(T^,a^]/2 + [o-",cr^] = 0, i.e. is not necessarily an action of g on 
M, but rather for any u, u e g we have 

where Xf denotes the Hamiltonian vector field generated by function / 

(4) da^ + [a\a^] = 0, i.e. 

^a^u)cr^iv, w) + a'^{u, [v, w]) + c.p. = 
where c.p. means cyclic permutations in u, w, w. 

Finally, let us see what happens to a when we choose a different splitting of qm 
to © C°°{M). The resulting gauge transformation of cr by a r e g* C°°{M) is 
explicitly: 

(1) (T° ^ cr", i.e. the Poisson structure on M doesn't change 

(2) ^1 ^ tji + [r, a\ i.e. a\u) ^ a^u) + X,(„) 

(3) ^2 ^ + dr + [r, (ji] + [r, [r, a°]]/2, i.e. 

a^{u,v) (-^ a^{u,v) +t{[u,v]) + C„^^^t{v) ~ C„i(^)t(u) + {t{u),t{v)} /2 
2. Up TO HOMOTOPY ACTIONS AS POISSON PRINCIPAL BUNDLES 

Proposition 2.1. The category of g-HPA's is equivalent to the category of Poisson 
principal g* -bundles. Given a Poisson principal g* -bundle P M , vac construct 
the corresponding g-HPA on M as follows: the elements of gM over u G g are 
functions f on P that change by {u, a) under the action o/ a G g* on P; the 
bracket on gM is the Poison bracket on P. 
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Here g* is a Poisson Lie group in the standard way (with the Kirillov-Kostant 
Poisson structure TTg-); a Poisson principal 0*-bundle is a principal fl*-bundle P 
M with a Poisson structure on P such that the action P x g* ^ P is a Poisson 
map. 

Proof of the proposition is straightforward. If we choose a trivialization of P, in 
terms of the decomposition 

A'r(M X 0*) = A^PM ® TM fl* ® A^fl*, 

the Poisson structure on P = M x g* is equal to 
(2.1) a° + + +Trg,), 

where ttj. is the Poisson structure on g* and a = + + satisfies the MC 
equation Hl.lll . since = [ct + 7rg*,(T + tt^*] = 2[7rg.,f7] + [a, a] = 2da + [a, a]. 
Choosing a different trivialization corresponds to a gauge transformation of a. 

As we noticed in Section a true Poisson g-action can be characterized as a 
g-HPA together with a morphism to the trivial g-HPA on a point. In other words, 
a Poisson g-action is the same as a principal Poisson g*-bundle P together with a 
0*-equivariant Poisson map P — > g*. 

Given a g-HPA on a Poisson manifold M we cannot say directly what is the quo- 
tient of M by the action. There is, however, a well-defined "quotient up to Morita 
equivalence", namely the Poisson manifold P (the total space of the corresponding 
principal 0*-bundle). 

Here is a somewhat exotic example of an up to homotopy Poisson action. As was 
observed by A. Vaintrob 0, if ^ ^ M is a vector bundle, the structure of a Lie 
algebroid on A is equivalent to a degree- 1 vector field Q on the graded supermanifold 
A[l\ such that = 0, and also to a degree —1 odd Poisson structure tt on 
a bialgebroid structure is then both tt and Q on A [1] such that Cqtt = 0. Poisson 
actions up to homotopy appear in quasi-bialgebroids: A is a quasi-bialgebroid if we 
have a degree —1 odd Poisson structure tt on and an up to homotopy action 

of the 1-dimensional graded Lie algebra generated by Q {[Q^Q] = 0, degQ — 1) on 
In other words, as was noticed in it is a Poisson principal R[2]-bundle 
P — > A*[\\ (where E[2] has zero Poisson structure). 

3. Up to HOMOTOPY ACTION OF A GROUP ON AN ALGEBRA 

An up to homotopy action of a Lie algebra q on an associative algebra A (a 
Q-HAA on A for short) is an extension qa of g by A (where A is considered as a 
Lie algebra with the bracket given by the commutator), such that for any X <E qa, 
the map adx : A — > A is a derivation of the associative algebra A. 

Similarly, an up to homotopy action of a group G on an algebra (a G-HAA) is 
a G-graded algebra Aq, i.e. an algebra of the form Ag = ®ggG ^9 viih product 
mapping Ag ® Ah to Agh^ such that every Ag contains an invertible element. The 
algebra A^ is the algebra on which G 'acts up to homotopy'. In this definition, G is 
just an abstract group (and vector spaces are over an arbitrary field). In a smooth 
definition, G would be a Lie group and ^g's would form a smooth vector bundle 
over G. 

One can give a more combinatorial definition. Let us choose an invertible element 
{g) in every Ag. For every g € G we have an automorphism p{g) of A^, given by 
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p{g)a — {g)a{g) ^. This p is not necessarily an action of G; instead, we have 
(3.1) p{g)p{h)a = c{g, h){p{gh)a)c(g, hy^ , 

where the elements c{g, h) e A,, are given by c(g, h) — {g){h){gh)^^ . If we compute 
(51) (52) (.93) in two ways, we get a cocycle identity 

(3-2) c{gi, g2)c{gig2, gz) = {p{gi)c{g2,g-i))c{gi,g2g-i)- 

Vice versa, when we are given an algebra A^, its automorphisms p{g) and invertible 
elements c{g,h) satisfying (13.111 and (I3.2|l . we get an up to homotopy action. 

This is indeed a non-commutative analogue of a principal Poisson 0*-bundle. To 
get the analogue one replaces Poisson spaces by associative algebras and reverses 
the arrows; the counterpart of g* is a group algebra F[G] (where F is our base field). 
The analogue of a Poisson space with a Poisson action of g* is then an algebra with 
a compatible structure of a ¥[G] comodule, i.e. a G-graded algebra. The analogue of 
a principal g*-action is the existence of invertible elements in every Ag-, the algebra 
Ae is the analogue of the base of the principal bundle. 

A true action of G on an algebra A^ should be, of course, a special case of an up 
to homotopy action. All the spaces Ag are in this case equal to A^; to distinguish 
between them, let us denote Ag hy A^ ® g (its elements will be denoted by a ® 5, 
a £ Ae). The product Ag x Ah ^ Agh is given by (a ® g)[b ® h) = {ag -h) ® gh. 
This G-graded algebra is the crossed product of Ae with G. 

As an example of a different type, let G be a central extension of G by F*, where 
F is our base field. Then the line bundle associated to the principal F*-bundle 
G G is an up to homotopy action. And vice versa, every up to homotopy action 
which is a line bundle (i.e. where Ag's are 1-dimensional), is of this type; in other 
words, an up to homotopy action of G on F is equivalent to a central extension of 
G by F*. 

4. Poisson vs. Hamiltonian actions: crossed products in Poisson 

geometry 

For any Poisson manifold M , a Poisson map M q* (a moment map) gives rise 
to a Poisson action of q on M; Poisson actions of this form are called Hamiltonian. 
For every Poisson action one can construct a universal Hamiltonian action; more 
precisely, the forgetful functor 

(4.1) Hamiltonian actions — * Poisson actions 

has a left adjoint. As we shall see, this adjoint is connected with up to homotopy 
Poisson actions. 

As we noticed in Section^ a Poisson action of g on M is the same as a g-HPA on 
M and a morphism to the trivial g-HPA on a point. Using the language of principal 
Poisson bundles, a Poisson action of g on M is thus the same as a principal Poisson 
Q* bundle P ^ M with a Poisson 0*-equivariant map P — > g*. Since we have 
a Poisson map P ^ q* , on P we have a Hamiltonian action of g. Thus for any 
Poisson action (on M) we can find a Hamiltonian action (on P = M x g*); this 
operation is left adjoint to the forgetful functor 114. l|l . i.e. it satisfies a universal 
property: 

Proposition 4.1. The forgetful functor \4.i\l has a left adjoint given hy M ^ P = 
M X g*, with the Poisson structure given by \2.1\) (with fi" the Poisson structure 
on M , the action of 2 on M and — 0)- 
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Proof of this proposition is straightforward: if is a Poisson manifold with a 
moment map fi : N ^ g* , and if / : ^ M is a g-equivariant Poisson map, we 
should provide a unique Poisson map f : N ^ P commuting with the moment 
maps; the map / is simply / x ^. 

Let us translate the previous to the world of noncommutative algebras. There 
the analogue of a moment map is a product and unit preserving map ^ : G ^ A (i.e. 
an algebra morphism ¥[G] A); it gives an action of G on A by g-a = fi{g)afi{g~^). 
The right-adjoint operation is the crossed product: given an action of G on A, it is 
A (g) ¥[G] as a vector space, with the product given by 

(oi (g) gi){a2 «) ff2) = (offi • 02) ® (5152); 

the map is given by fi{g) = 1 (g) g. 

We can also generalize our proposition to so called non-equivariant moment 
maps, i.e. Poisson maps M p, where p is a principal Poisson fl*-homogeneous 
space. Such a map again gives a Poisson action of g on M. The adjoint functor is 
the same as in the proposition: M M x p (with the mixed part of the Poisson 
structure equal to the action of g on M). Notice that p is a g-HPA on a point. A 
g* equivariant map P ^ p makes a principal Poisson 0*-bundle P M to a true 
Poisson action of g on M. 

The non-commutative analogue of this generalization uses a central extension G 
of a group G by F* . A non-equivariant moment map is a product preserving map 
fj, : G ^ A which is the identity on F* . Such a map gives an action of G on ^ via 
g ■ a = fi{g)afi{g^^), where 5 G G is any element over g e G. There is an adjoint 
functor that is an obvious generalization of the crossed product. 

5. Quantization of up to homotopy Poisson actions 

The formality theorem of Kontsevich gives us a quantization of up to homotopy 
Poisson actions depending on a formal parameter h. The resulting up to homotopy 
action on the quantized algebra of functions will be also formally close to a true 
action. 

Let us thus have a g-HPA on AI formally depending on h and let the correspond- 
ing Poisson structure on M be 0{h) (as is usual in deformation quantization). For 
the lack of fantasy we'll call such a HPA formally good; these are the HPA's we're 
going to quantize. 

When we decompose the HPA to a = a'^ + + as in lll.2|l . cr" is the Poisson 
structure on M and hence is of the form 

a = (7(1) ft -I- (7(2) n +cr(3)" +■••; 

cr^ and are not necessarily 0{h), but from the MC equation we get that 

cTj^Qj is a true action of g on M. 

Since a = + satisfies the MC equation Hl.l|l . it can be directly plugged 

into the formality theorem of Kontsevich, but only if = 0{h). If we want to allow 
(T^^p^ 0, we need to use a rather straightforward trick. Under our assumptions we'll 
get a g-HAA on the algebra of quantized functions on M. If moreover the g-action 
(T(^Q) comes from an action of the simply-connected Lie group G on M, we'll also 
get a G-HAA. 

We shall use quantization of Poisson families from |3| (and terminology from 
[Sl). Recall that an algebroid over a set S is a linear category whose set of objects 
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is S and where any two objects are isomorphic. In deformation quantization, al- 
gebroids are produced by quantization of Hamiltonian families of formal Poisson 
structures. Such a family is by definition a solution of the MC equation in the 
DGLA fl{B)(^L'j^j, where B and M are manifolds, (g) is the completed tensor prod- 
uct (it just means that the coefficients are arbitrary smooth functions on B x M) 
and the DGLA L'j^ is given by 

L% = hr{/\'+'TM)m]. 

If we choose a family of connections on M parametrized by B, we can quantize the 
Hamiltonian family to a "tight family of *-products", i.e. to a solution of the MC 
equation in 0(B)(8)L^, where the DGLA L'lj is given by 

L';7^ = C°°(M)P]] 

where PD^~^^ is the space of polydifferential operators 

C°°(M) X • • • X C°°(M) ^ C°°(M). 

^ V ' 

i+1 times 

As Kontsevich proved, this quantization is natural (i.e. diffeomorphism-invariant) 
and local. Moreover, if we suppose that B is 2-connected, the quantized family 
gives us naturally an algebroid over B. 

Suppose now that G is a group and that we are given a G-HAA Aq- We then get 
an algebroid over G, defined by Hom{g, h) = Ag-i^. Vice versa, given an algebroid 
over G, in which we can identify Hom{g, /i)'s for a fixed g~^h in a way compatible 
with the product, we get an up to homotopy action. 

We shall now take for G the 1-connected (and therefore also 2-connected) Lie 
group integrating g, set B = G, construct a Hamiltonian family, quantize it to an 
algebroid over G, and finally notice that the family is right G-invariant, which will 
thus turn the algebroid into a G-HAA. 

The first thing is to notice the connection between Hamiltonian families of formal 
Poisson structures and formally good fl-HPAs: 

Lemma 5.1. Let p be a (left) action of q on M. A formally good q-HPA a on 
M , such that ct^^q^ = p, is equivalent to a right-Q-invariant Hamiltonian family of 
formal Poisson structures on M parametrized by G, where the right g action is by 
right translations on G and by —p on M . 

Suppose now that the 0-action p integrates to a G-action. Then we can choose a 
right-G-invariant family of connections on M parametrized by G (just choose one 
connection on M and then use the action). The algebroid over G we get will be 
right-G-invariant, so by the above remarks we get a G-HAA. We also get a g-HAA: 
after quantization we have a right-G-invariant solution of the MC equation in the 
DGLA n(G)(g)L^. 

If p doesn't integrate to a G-action, we can choose the invariant family of con- 
nections only locally. It is, of course, sufficient to get a g-HAA. We also get a "local 
G-HAA", though we leave it to the reader to formulate the definition. 

Let us summarize the outcome of this section: 
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Proposition 5.2. Let p he a (left) action of Q on M and let a be a formally good 
Q-HPA on M with (t^^q-, = p. 

(1) There is a quantization of a to a g-HAA on a quantized algebra of functions 
on M 

(2) If moreover p integrates to an action ofG (the 1-connected group integrating 
q) then we also get a G-HAA. 

6. Generalizations for Lie bialgebras and Hope algebras; Open ends 

There is now an obvious definition of up to homotopy actions of Lie bialgebras. 
Let (g, 0*) be a Lie bialgebra; let us also choose a Poisson Lie group G* integrating 
Q* . An up to homotopy Poisson action of (gjG*) ((0,G*)-HPA for short) is, by 
definition, a principal Poisson G* bundle. Such a bundle P ^ M with a G*- 
equivariant Poisson map P ^ G* is again equivalent to a Poisson action of (0,0*) 
on M: indeed, P becomes M x G* , and the mixed term of the Poisson structure is 
the action of 0. Moreover, this operation is left-adjoint to the forgetful functor 

Poisson maps to G* (moment maps) Poisson actions of (0,0*)- 

More generally, we have the following: 

Proposition 6.1. Let ^ be a right principal Poisson homogeneous space of G* . If 
M is a Poisson manifold, a Poisson map p : M ^ ^ generates a (left) Poisson 
action p of (0,0*) on M via p{v)x — {■7tm,P*v), where x G M, v e q = T*^^^''^ 
(these spaces are isomorphic because *P is a principal G* space) and ttm is the 
Poisson structure on M } This functor has a left adjoint, given by M ^ P ^ M x'^ , 
with the Poisson structure np — ttm + ^rtp + the Q-action. Any Poisson principal 
G* -bundle P ^ M with a Poisson equivariant map P is of this form. 

Let be the Drinfeld double of (0,0*). Poisson principal homogeneous G*- 
spaces, or in other words Poisson principal G* -bundles over a point, are classified 
by Lagrangian subalgebras of i) transversal to 0* [5] . There is a similar classification 
of general Poisson principal bundles. In the case of the trivial bundle we have: 

Proposition 6.2. A Poisson structure on P ^ M x G* , making it to a Poisson 
principal G* bundle, is the same as a Dirac structure in the Courant algebroid 
© (T © T*)M, transversal to 0* ® TM. 

If we also require the projection M x G* ^ G* to be Poisson (i.e. when we 
are interested in the true Poisson actions of (0,0*) on M), the Dirac structure in 
© (T © T*)M has to project to C J) under the projection I) © (T © T*)M 0. 
This is a special case of an observation from p]: if C I) is a Lie quasi-bialgebra, a 
C O-quasi-Poisson structure on a manifold M (i.e. a "quasi-Poisson action of on 
M") is the same as a Dirac structure in £)© (r©T*)M that projects to C under 
the projection (3 © (T ffi T*)M 0, and that is transversal to TM . (This suggests 
a definition of "up to homotopy quasi-Poisson structures", but it's not clear what it 
would be good for.) 

In the case of a general (non-trivial) principal G* -bundle P ^ M, the Poisson 
structures on P making it to a Poisson principal bundle, are again the same as Dirac 
structures in some transitive Courant algebroid G — > M, transversal to A C G, 
where A is the Atiyah Lie algebroid corresponding to P. The Courant algebroid 



Up to this point the proposition is of course well known and is included just for completeness. 
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C is obtained by first inducing P to a principal f-bundle (i.e. by creating the 
associated principal D-bundle to P), where -D is a Lie group integrating 0, and then 
using the reduction procedure from |7j. (Since the reduction procedure is shown in 
[3 to produce basically all transitive Courant algebroids, this again suggests some 
"up to homotopy and quasi" directions). The fact that we get a Lie bialgebroid (a 
pair of transversal Dirac structures in a Courant algebroid) is not surprising - the 
corresponding Poisson groupoid is the gauge groupoid of P. 

Homotopy Poisson actions, as we defined them, involve a Lie algebra q. To inte- 
grate a HPA to a kind of "action" of a Lie group G, we can take the Poisson principal 
bundle P, form its gauge groupoid (that is automatically a Poisson groupoid), and 
finally pass to its dual Poisson groupoid F if it exists. The Poisson groupoid F 
can be characterized as follows: it is an extension of G by a symplectic groupoid 
F integrating the Poisson manifold M . This kind of extension might be called "up 
to homotopy action of G on M"; notice that it requires M to be integrable. It is a 
direct translation of the definition of G-HAAs from Sectional 

Let us now switch to the world of non-commutative algebras, replacing Lie bial- 
gebras by Hopf algebras. Let H he a Hopf algebra (the case oi H = F[G] will lead 
back to G-HAA's). The substitute for an action of a group G up to homotopy on 
an algebra ^ is a i?-Galois extension of A, i.e. an algebra B, with a iJ-comodule 
structure c:B^B®H,b^ ® 6(2) that is also an algebra map, and an algebra 
map i : A ^ B, such that 

i{A) = {b e B\c{b) = b ® 1} 
and such that the following map is an isomorphism: 

B ®A B ^ B ® x®y ^ xy{Q) ® y(i) . 

I don't know if there is a theorem that would give a quantization of a (g, G* )-HPA 
on M to a Hopf-Galois extension of a quantized algebra of functions on M . 

The non-commutative analogue of Proposition 16 . II remains valid. The analogue 
of ?P is an _ff-Galois extensions of the base field F; in the case of H = F[G] this is 
the same as a central extension of G by F* . 
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